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ON A LINEAR TRANSFORMATION, AND SOME SYSTEMS OF 

HYPOCYCLOIDS* 

By R. E. Aixardice 

In the discussion of the envelope of the asymptotes of a system of similar 
conies through three fixed points, t I was led to the following equation in tan- 
gential coordinates : 

2 sin 2 0(uv 2 cos A -f u 2 v coaB) — 2(1 -f cos^l cosi? cos C)uvw 

+ m(vainO — w sini?)(wsin.4 — u sinC) (wsini? — v sin.4) =0, (1) 

where m is a constant proportional to the cotangent of the angle between the 
asymptotes. It is easy to show that the curve represented by this equation has 
the straight lino at infinity for a double tangent, the circular points being the 
points of contact. Hence the curve is of the fourth order and has three cusps ; 
it is therefore a three-cusped hypocycloid, for this is the only three-cusped 
quartic that has the straight line at infinity for a double tangent, with the 
circular points as the points of contact. 

The problem naturally suggested itself of transforming this equation to the 
form 

(u + v + w) 3 — 27uvw = 0, (2) 

where the triangle of reference is an equilateral triangle. This was accom- 
plished by making use of the known forms of the tangential equations of the 
circular points at infinity, and using for the third equation that of the centre 
of the hypocycloid. 

Thus we have the equations 

we"* — ve< c +*>' — we~( B - a)i ' — x + a> y + afiz = X (say), 

Pi « + i¥> + p 3 v) =x+ y + z = v, 

where a, p lf p%, p 3 are constants to be determined, and a> is an imaginary cube 
root of unity. The equation (1) may be written in the form 

* Since some of the results in this paper are identical with some of the theorems given by 
H. A. Converse : " On a system of hypocycloids of class three inscribed to a given 3-line, and 
some curves connected with it" (Annals of Mathematics, second series, vol. 6, pp. 106-139, 
April, 1904), it is proper to state that the manuscript of the present paper was in the hands of 
the editors before Dr. Converse's article appeared. 

| Annals of Mathematics, ser. 2, vol. 3 (1901-1902), pp. 154-160. 

(169) 
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Zittr 2 + ZgWio 2 + m^v? + m 2 ww 2 + riyvm* + rijtov* — 2k uvw = 0, 

where the following relations subsist among the coefficients : 

Zxsin^sin'j? — Zjsin-48in 8 C= wtx sin B sin 2 C — m 2 sin 5 sin a A 

= «i sin CsinM - r^ sin (7 sin* B = 2 m sin 8 .4 sin 8 ^ sin* C. (3) 

Making use of the fact that the coefficients of « 8 , V s , and vfi in (1) are zero, 
and employing the identical relation 

(* + y + z)* - 2Uyz = 2i» + M » _ 3\/m>, 

it ia easy to show that 

j>,= §cos3a, j> i = -%cos(3C+Sa), p 3 = — |cos(3J5 - 3 a) ; 

and also that these values satisfy all the relations (3) , except those involving 
m, whatever value a may have. From the last of these relations we find 

m = tan(C-^ + 3a). 

It is obvious from the form of equation (1) that the curve which it repre- 
sents touches the sides of the triangle of reference ; and, by varying the value 
of m, it is possible to make it represent any inscribed hypocycloid. Thus we 
may prove a number of theorems about a system of hypocycloids inscribed in 
a given triangle. 

Locus of the Cusps. The tangential equations of the cusps are x = 0, 

y = 0, z =. ; hence the point-coordinates of one of the cusps, x = 0, are 

given by 

2 8 

of = g.cos 3a + 2 cos a = ^cos'a, 

6 6 

2 8 

017 = - gCOs(3C+ 3a) -2cos(C + a) = - -cos 8 (C + a), 

p?=-|cos(3£-3a) -2cos(^-a) = - |cos»(5- a), 

Eliminating and a from these equations, we find for the locus of the cusps 

aft + bfi + eft = 0, 

or, (a»£ + b*r, + c 3 ?) 8 - 27aWfitf = 0- 

This cubic curve has the sides of the triangle of reference as inflexional 
tangents, the straight line joining the points of inflexion being 
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Locus of the Centre. The tangential equation of the centre is x + y 
+ z = ; from which we easily obtain the point-equation of the locus of the 
centre in the form 

fain 3^4 + 173^3^ + fsin3C = 0. 

This is a straight line passing through the nine-point centre [cos (B — G), 
cos(C — A), cos(^l — B)~\ of the triangle of reference. The nine-point cen- 
tre is the centre of the hypocycloid enveloped by the asymptotes of the equi- 
lateral hyperbola (a result due to Steiner) . 



I have also shown, in a paper on the envelope of the axes of a system of 
conies passing through three fixed points,* that the envelope of the axes of the 
system of conies referred to above is also a pair of hypocycloids. The tan- 
gential equation of one of them is 

2[w(vcosC + wgou B — u) |«cos(.S — G) — vcosB — w>cosCj] 

2 
(vcosG + wcosB — u) (wcosA + ucosG — v) 

(u cosB + vcosA — w) = 0. 

where s is the secant of the angle between the asymptotes. 

The same transformation may be applied to this equation ; and by making 
use of the relations 

[m 3 ] cosC + [m*v] = [w 3 ] cos.4 + [w>Vj, etc., 

where [w s ] denotes the coefficient of w 8 in the equation, I find for the values 
of the constants : 

3p! = pcos A— 2cos(i? — C), 

3p 2 = pcosB — 2cos(C — A), 

Sp s = pcoa C — 2cos(A — B), 

p=-4/a, da = B- C. 

It may be shown that the hypocycloid represented by this equation 
touches the perpendicular bisectors of the sides of the triangle of reference ; 

* Transactions of the American Mathematical Society, vol. 4 (1903), pp. 103-106. 
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and hence by varying s (or p) we have the equation of a system of hypocy- 
cloids touching three fixed concurrent straight lines. 

The locus of the centre in this case is the straight line joining the circum- 
centre and the nine-point centre of the triangle of reference ; and the centres 
of the two hypocycloids determined by one system of conies (of given eccen- 
tricity) are harmonically separated by these two points. 

The locus of the cusps consists of three straight lines passing through the 
circumcentre ; and the circle passing through the cusps touches two fixed 
straight lines passing through the circumcentre. 
Stanfoud University, California. 



